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In der altjapanischen Mathematik wurden einige Schnitte in der Ceometrie und Analysis 
studiert, die man erhielt, wenn man einen K&per mit einer Ebene oder einem Zylinder 
schnitt. Es gab viele Probleme, die Ellipsen betrafen, jedoch nur wenige, die Parabeln und 
Hyperbeln betrafen. AuRer Kegelschnitten gab es Torus- und Konoidschnitte. Die 
Torusschnitte bilden in einem Sonderfall eine Cassinische Kurve, die Konoidschnitte eine 
Kurve vierten Grades, die in der Kurventheorie “bimenfijrmige Quartik” heist. o 1987 
Academic Press. Inc. 
Dans les mathkmatiques japonaises anciennes on a CtudiC quelques sections en gCom&rie 
et en analyse, obtenues en coupant des soiides par des plans ou par des cylindres. I1 y  avait 
beaucoup de problemes concemant les ellipses, mais seulement un petit nombre concemant 
les paraboles et les hyperboles. Qutre les sections coniques, il y  avait des sections des tores 
et des cono’ides. Dans un cas particulier, les sections des tores forment une courbe de 
Cassini et les sections des cono’ides une courbe de quatribme degr6, appelee dans la theorie 
des courbes “quartique piriforme.” 0 1987 Academic Press, Inc. 
In early Japanese mathematics, some sections obtained by cutting a solid by a plane or 
cylinder were studied in geometry and in analysis. There were many problems concerning 
ellipses, though problems concerning parabolas and hyperbolas are few in number. Besides 
conic sections, there were sections of toruses and of conoids. The former become in a 
special case, a Cassinian curve; the latter, a curve of the fourth degree called a “quartique 
piriforme” in the theory of curves. 0 1987 Academic Press. Inc. 
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In Japan during the Edo period (1603-1867), there was a mathematical tradition 
different from that of the Europeans. Some investigations of curves obtained as 
sections of solids, carried out by Japanese mathematicians of the Edo period, will 
be discussed below. 
During the Edo period, there were no universities but many private schools in 
every part of Japan where mathematicians taught and performed research. Most 
mathematicians were clansmen who studied mathematics and published mathe- 
matical books. 
This article discusses the algebraic curves in these books. Japanese mathemati- 
cians of this period did not, of course, use algebraic equations to define curves, 
nor did they have a general concept of a curve. Instead, they studied many 
examples, 10 of which have been chosen for discussion here. The examples are 
235 
031%0860187 $3.00 
Copyright 0 1987 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
236 HIDETOSI FUKAGAWA HM 14 
divided into four sections according to the solids from which the curves are 
obtained. 
CONIC SECTIONS 
Takakazu Seki (1640?-1708), the most prominent Japanese mathematician of 
the Edo period, succeeded in finding the area of an ellipse, but not the length of 
the circumference. His successors studied conic sections in more detail. They 
obtained the ellipse by cutting the cylinder, but there were many problems con- 
cerning ellipses. The present author knows of no problems concerning conic 
sections other than ellipses. But the following two examples of early Japanese 
mathematics are known to us. 
Clansman Kumei Uchida (1800?-1868), one of the successors of Seki, dis- 
cussed the following example in his book [Uchida 1844, Problem 771. 
EXAMPLE I. There is a truncated circular cone with upper radius A0 = a, base 
radius O’E = b, and height 0’0 = h. A plane passing through a point A, where 
0, 0’, A, and E are coplanar, cuts the cone. He looked for the area S of the section 
ABC, where B and C lay on the circumference of the circle 0’, and BC I O’E. 
The following example was drawn on a wooden mathematical tablet in 1841 
[Fukagawa 1976,411. 
EXAMPLE 2. If the plane ABC is perpendicular to the base in Example 1, that is, 
if the section ABC is a hyperbola, draw an inscribed circle K and an ellipse L 
touching K and the section ABC at A. It is shown that the axes of L were 21= h + 
2b(b - a)lh - 2g(b2 - a2){1 + ((b - a)lh)*} and 2m = 2dul(b - a)lh. 
CYLINDER SECTIONS 
The oblique section of a cylinder is an ellipse. Seki tried to determine the area 
and length of the circumference of an ellipse. He succeeded in solving the first 
problem, but did not succeed in solving the second. Afterward, many mathemati- 
cians tried to determine the length, but it was not until 1812 that Clansman Kohan 
Sakabe (1759-l 824) succeeded [Sakabe 18121. The mathematicians of this period 
also dealt with ellipses as geometrical figures, and there were many problems 
concerning them in early Japanese mathematics. In this section, three of these 
problems are discussed. 
EXAMPLE 3. [Seki 1685(?), Problem 191. Seki showed that the area S of an 
ellipse with semiaxes a and b is nub. 
EXAMPLE 4. [Murata 1834, Problem 31. Let E be an ellipse with semiaxes a and 
b, and let 0 be the center. Tunemitu Murata showed that 00’ = (s . 
l/-)/b, where 0’ is the center of an inscribed circle with radius r. This 
theorem is proved in many books. In the solution, they used illustrations. 
EXAMPLE 5. [Yamamoto 1832, Problem 411. In an ellipse E with semiaxes a and 
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b, there are two inscribed 0’ and 0”. Draw a common tangent line 1. Gazen 
Yamamoto showed that the length of 1 within E was (al-) 0’0”. 
In 1813 Clansman Kihei Ishikawa (1788-1862) also dealt with the same problem 
as in Example 5. Ten years ago, I foundthe extant wqoden model of the solution 
to Example 5 in the house of his descendants. This wooden cylinder has a base 
diameter of 2 in. and a height of 5 in. and consists of several parts. 
TORUS SECTIONS 
In ancient Greece, the section of a torus with a plane was studied by Perseus, 
who lived ca. 150 B.C. [Boyer 1968, 209; Smith 1951, 1181. A special case of this 
section is the Cassinian curve or Lemniscate [Heath 1921, 2051. The early Japa- 
nese mathematicians independently studied the section of a torus with a plane, 
and some indicated the way to cut a torus. 
Later, Sawaike arranged and named those sections in the following way in his 
manuscript. We denote by p the distance of the plane from the center, by R the 
outer radius, and by r the inner radius. 
In the case where p = +(R + r), the section was named “KAN DAEN” or ring 
ellipse (see Fig. (1.1) and Example 6). In the case where r < p < R, the section 
was named “KAN HE1 DAEN” or semiring ellipse (see Fig. (1.2) and Example 
7). In the case where p = r, the section was named “SEN DAEN” or wedge 
ellipse (see Fig. (1.3) and Example 8). In the case where 0 < p < r, the section was 
named “KAN HE1 DAEN” or semiring ellipse (see Fig. (1.4) and Example 9). 
FIGURE 1 
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Clansman Tunemitu Murata showed the following three examples and K. 
Uchida the ninth example. 
EXAMPLE 6. [Murata 1842, Problem 11. Let K be a “KAN DAEN” or ring 
ellipse with axes OA = a, OB = b and center 0. Show that the radius of curvature 
at the vertex A is Y = 2a2bl(a2 + b*). The equation of the algebraic curve is an 
equation offourth degree: b* (x? + y’ - b*Y = (a* - b2)2 (b? - y?). 
EXAMPLE 7. [Murata 1842, Problem 241. Let K be a “KAN HE1 DAEN” or 
semiring ellipse. Assume that the three inscribed circles in K are connected in 
such a manner that the center of circle q is on K, s is a circle of curvature at A, and 
p touches s and q. Show that the relation 2q4 + (2s + p)q3 - 2.spq2 - (3~5 + 
2s*p)q - b3s + s*p’) = 0 holds, where p, q, and s are the radii. 
EXAMPLE 8. [Murata 1842, Problem 171. Let L be a “SEN DAEN” or wedge 
ellipse with semiaxes OA = a, b = h(R - r) and shaped vertex 0. Prove that the 
radius of the curvature at the vertex A is r = 4ab*l(a* + 4b2). The equation ofthe 
algebraic curue L is (x’ + y*)* = 4(R + b)(bx2 - Ry2), where a2 = 4b(R + 6). 
EXAMPLE 9. [Uchida 1844, Problem 941. K. Uchida sought the area S of a 
“KAN HE1 DAEN” or semiring ellipse by integration. He had to calculate the 
value of an elliptic integral. In the elliptic integrals, Japanese mathematicians of 
this period expandedf(x) in sh f( x )d x into an infinite power series and obtained the 
same integral as did mathematicians in Western countries. They had many tables 
of expansions and values of integrals and differentials. Table I is the expansion of 
f(x) = Vql - X)+’ into an infinite power series. Table II shows the values of 
j-; x”dx. 
CONOID SECTIONS 
A conoid is a portion of a cone spanned by two parallel circular sections. It can 
be constructed by moving an isosceles triangle in such a manner that it is perpen- 
dicular to a given circle 0 and that the base vertices of the triangle are below the 
circumference by a constant amount. If we use a rectangle instead of a circle, it is 
a wedge or a triangular prism. In early Japanese mathematics, a few mathemati- 
cians dealt with conoids. One of them was clansman Syomei Kuwamoto (1830- 
1863), who was murdered by someone whose name is not known to us. He 
discussed the following example. 
EXAMPLE 10. [Kuwamoto 18.55, Problems 2,5, and 141. Let K be the section cut 
from a conoid (the diameter of the base circle is BB’ = 2r and the height is h) by a 
plane passing through points A and B. This section was called “SEN EN” or 
wedge circle. He sought the area, S = abIT, of K, the length of the closed curve K, 
and the volume, V = (8/5) abn, of the solid of revolution in such a manner that K 
revolves about a line AB where AB = 2a and r = 2b. The equation of the algebraic 
curve is 
y=-$(a+x)G?7. (1) 
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Wedge circles or varied circles appeared first in Nei Wada, “IEN SANPO” 
[Wada 1825, Problem I]. Clansman N. Wada, one of the great mathematicians in 
early Japanese mathematics, defined the wedge circle by means of a method 
different from Kuwamoto’s method. He derived the same conclusion as Example 
10, earlier than Kuwamoto. His method was as follows: 
First, draw an ellipse which is inscribed into a given rectangle CDEF in such a 
manner that CDIIAA’ and CFIIBB’, where AA’ = 2a and BB’ = 2b are the axes. 
FIGURE 2A 
FIGURE 2B 
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Second, take the point Q’ satisfying the relation PR : PQ = PR’ : PQ’ where P is 
any point on AA’. Wada named the curve of Q’ “SEITOEN” or flame circle and 
derived the same conclusion as in Example 10 (see Figs. 2A and 2B). The equation 
of the algebraic curve is 
y=&(a+*)vD. (2) 
If b = 2r, then Eq. (1) = Eq. (2). That means that “SEITOEN” is a wedge 
circle. On the other hand, there is a curve called “quartique piriforme” in the 
theory of curves [Teixeira 1971, 2891. The equation is 
x4 - Ax3 + B2y2 = 0. (3) 
Substitute a + x = X, 2a = A, and 2a4/b2 = B2 in Eq. (2), then Eq. (2) = Eq. 
(3). This means that a wedge circle is a “quartique piriforme” in the theory of 
curves. 
Early Japanese mathematicians studied the sections cut from various solids by a 
plane or cylinder. This article discussed only the plane section. Their intuition in 
geometrical figures was quite remarkable and they had exceptional calculating 
skills. 
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